Rules for integrands of the form u (a + b ArcSech[c x])"

1. j(a +bArcSech[cx])"dx when nez*
1. JAr‘cSech[c x] dx

1: |ArcSech[c x] dx

Reference: CRC 591, A&S 4.6.47

Derivation: Integration by parts and piecewise constant extraction

V1+cx 1

1+cx

x\/1-c2 x2
Basis: Oy ('\/1+cx N 1+1CX ) ==

Rule:

Basis: OxArcSech[c x] = -

1 1
fArcSech[c x] dx — xArcSech[cx] + V1+cx j dx
Vivex Jyioae

Program code:

Int[ArcSech[c_.*x_],x_Symbol] :=
xxArcSech[cxx] + Sqrt[l+c*x]*Sqrt[1/ (1+c*Xx)]*Int[1/Sqrt[1-c*2xx"2],x] /;
FreeQ[c,Xx]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2: | ArcCsch[c x] dx

Reference: CRC 594, A&S 4.6.46
Derivation: Integration by parts

Rule:

C

1 1
jAr‘cCsch[c x] dx — xArcCsch[cx] + — J\— dx
1

X, [1+

2 x?

Program code:

Int[ArcCsch[c_.*x_],x_Symbol] :=
xxArcCsch[cxx] + 1/c*Int[1/ (x*Sqrt[1+1/ (c”2xx*2)]),Xx] /;
FreeQ[c,Xx]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2: J(a +bArcSech[c x])"dx when nez*

Derivation: Integration by substitution

Basis: 1 == - % Sech[ArcSech[c x] ] Tanh[ArcSech[c x]] OxArcSech|[c X]

Rule: If n € Z*, then

1
J(a +bArcSech[cx])"dx — -—Subst [J(a +bx)"Sech[x] Tanh[x] dx, x, ArcSech[c x]]
c

Program code:

Int[ (a_.+b_.xArcSech[c_.*x_])”n_,x_Symbol] :=
-1/c*xSubst [Int[ (a+bxXx)~nxSech[x]*Tanh[x],x],X,ArcSech[cxx]] /;
FreeQ[{a,b,c,n},x] && IGtQ[n,0]

Int[ (a_.+b_.*ArcCsch[c_.*x_])”n_,x_Symbol] :=
-1/c*xSubst[Int[ (a+bxXx) nxCsch[x]*Coth[x],x],Xx,ArcCsch[cxx]] /;
FreeQ[{a,b,c,n},x] && IGtQ[n,0]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2. j(d x)™ (a+bArcSech[cx])"dx when nez*

1. J(d x)™ (a +bArcSech[c x]) dx

a + bArcSech[c x]
1: J dx

X

Derivation: Integration by substitution
Basis: ArcSech[z] = ArcCosh | ﬂ
. f[2]

jee _LxJ __ F_[_]_ l l
Basis: —> = —Subst[ XX , X, X} Ox

Rule:

1
a +bArcSech[cx] a+bArcCosh[ =] a+bArcCosh|[Z] 1
dx — dx — —Subst[ — dx, X, —]

X X X X

Program code:

Int[ (a_.+b_.xArcSech[c_.*x_]) /x_,Xx_Symbol] :=
-Subst [Int[ (a+bxArcCosh[x/c]) /X,x],X,1/x] /;
FreeQ[{a,b,c},x]

Int[ (a_.+b_.xArcCsch[c_.*x_]) /x_,Xx_Symbol] :=
-Subst [Int[ (a+bxArcSinh[x/c])/x,x],x,1/x] /;
FreeQ[{a,b,c},x]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2, J(d x)™ (a +bArcSech[c x]) dx whenm# -1

1: J(d x)™ (a +bArcSech[cx]) dx when m# -1

Reference: CRC 593', A&S 4.6.58'

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox (a + b ArcSech[c x]) == -

Basis: Oy (\/1+cx N 1+1CX ) ==

Note: Although+/1 - ¢2x? ==/1-cx /1 + c x, leaving denominator factored allows for more cancellation with
piecewise constant factor.

Rule: If m # -1, then

(dx)™?! (a+bArcSech[cx]) bV1+cx \/ 1 (dx)™
J(d x)" (a+bArcSech[cx]) dx — + J dx
d(m+1) m+1 l1+cx Vi-cx Vitcx

Program code:

Int[(d_.*x_)"m_.*(a_.+b_.xArcSech[c_.%x_]),x_Symbol] :=

(d*x)~ (m+1) * (a+bxArcSech[c*x]) / (d* (m+1)) +

b*xSqrt[1+cxx]/ (m+1) *Sqrt[1/ (1+c*x) ] *Int[ (d*x) m/ (Sqrt[1-c*x]*Sqrt[1l+c*x]),x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2: J-(d x)™ (a+bArcCsch[cx]) dx when m# -1

Reference: CRC 596, A&S 4.6.56
Derivation: Integration by parts

Rule: If m # -1, then

j(d x)™ (a+bArcCsch[cx]) dx — dx

(dx)™?* (a+bArcCsch[cx]) bd (dx)™?*
+
d(m+1) c(m+1) s

1+ 3

X

Program code:

Int[(d_.*x_)"m_.*(a_.+b_.*ArcCsch[c_.%x_]),x_Symbol] :=
(dxx)~ (m+1) = (a+bxArcCsch[cxx]) / (dx (m+1)) +
bxd/ (c* (m+1) ) *Int[ (d*x)~(m-1) /Sqrt[1+1/ (c”2%xx"2)],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2: | x" (a+bArcSech[cx])"dx whenneZA meZ A (n>0 V m< -1)

Derivation: Integration by substitution

Basis: If m € zZ, then
x" F[ArcSech[c x]] = - —1- Subst [F [x] Sech[x]™?! Tanh[x], x, ArcSech[c x] } OxArcSech[c x]

- cm+1

Rule:lf nezAmez A (n>0 V m< -1),then

1
fx’" (a+bArcSech[cx])"dx — -— Subst [J(a +bx)"Sech[x]™* Tanh[x] dX, X, ArcSech[c X] ]
c +

Program code:

Int[x_"m_.*(a_.+b_.xArcSech[c_.*x_])”n_,x_Symbol] :=
-1/c” (m+1) *Subst [Int[ (a+bxx)*nxSech[x]” (m+1) *xTanh[x],Xx],X,ArcSech[c*xx]] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] && IntegerQ[m] && (GtQ[n,0] || LtQ[m,-1])

Int[x_"m_.*(a_.+b_.*ArcCsch[c_.*x_])”n_,x_Symbol] :=
-1/c” (m+1) *Subst [Int[ (a+bxx)*nxCsch[x]” (m+1) *xCoth[x],Xx],Xx,ArcCsch[c*xx]] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] && IntegerQ[m] && (GtQ[n,0] || LtQ[m,-1])



Rules for integrands of the form u (a+b ArcSech[c x])™n

3. j(d+ex)"‘ (a+bArcSech[cx]) dx

1. J(d+ex)'“ (a+bArcSech[cx]) dx

a + bArcSech[c x]
1: j dx

d+ex

Derivation: Integration by parts

= 1 e-/-c2d?e? e/ -c2d*re? 1

BaS|S d o x - E (LOg |:1 + d ArccSech[ceX :| + Log |:1 + d AchSech[CeX :| - Log |:1 m} )
. N

Basis: 9y (a + b ArcSech[c x]) = - X (1cx)

Rule:

a +bArcSech[c x]
dx —
d+ex

Al _c2 d2.e2 _e2d2,e2
(a + bArcSech[cx]) Log[l + %] (a + bArcSech[cx]) Log[l + e:deAis:h:fx] ] (a +bArcSech[cx]) Log[l + m]

+ +

1ocx e-/ -c d2+e 1-cx e+ 1! -c?d?+e? 1-cx

+ Log 1+ GArcsech(cx] + Log|1+ gArcsech[c x] + Log|1+ urcSechlcxl
b 1l+cx cd 1+cx 1+cx
e

X (1-cXx)

dx

x (1-cx) X (1-cXx)

Program code:



Rules for integrands of the form u (a+b ArcSech[c x])™n

Int[ (a_.+b_.*ArcSech[c_.*x_])/ (d_.+e_.*Xx_),x_Symbol]
(a+bxArcSech[c*x]) *Log[1+ (e-Sqrt[-c”2xd*2+e”2]) / (cxdxE~ArcSech[cxx])]/e +

(a+bxArcSech[cxx]) xLog[1+ (e+Sqrt[-c”2xd*2+e”2]) / (cxdxE~ArcSech[cxx])]/e -

(a+bxArcSech[c*x]) *Log[1+1/E” (2xArcSech[cxx])]/e +
b/exInt[ (Sqrt[ (1-c*x)/ (1+c*x)]*Log[1+ (e-Sqrt[-c”2xd”*2+e”2]) / (cxdxE~ArcSech[c*x]) 1)/ (X* (1-c*Xx)),x] +

b/exInt[ (Sqrt[ (1-cxx)/ (1+c*x)]*Log[1+ (e+Sqrt[-c”2xd”*2+e”2]) / (cxdxE*ArcSech[c*x]) 1)/ (X* (1-c*Xx)),x] -
b/exInt[ (Sqrt[ (1-c#x)/ (1+cxx)]*Log[1+1/E~ (2%ArcSech[c*x]) 1)/ (x* (1-cxX)),x] /;

FreeQ[{a,b,c,d,e},x]
2: J(d +ex)™ (a+bArcSech[cx]) dx whenm# -1

Derivation: Integration by parts and piecewise constant extraction

b/1icx | 1+1CX

Basis: Ox (a + bArcSech[cx]) = - w3
X -C°X

Basis: Oy (\/1+cx «/ﬁ? ) =)

Rule:lf mez A m+ -1, then

(d+ex)™ (a+bArcSech[cx]) bV1+cx\/ 1 J~(d+ex)“‘*1d]
+ X

J(d+ex)'“ (a+bArcSech[cx]) dx —
e (m+1) e (m+1) 1+cx xV1-c2x?

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.*ArcSech[c_.*x_]),x_Symbol]

(d+exx)~ (m+1) * (a+bxArcSech[cxx]) / (ex (m+1)) +
bxSqrt[1+c*x]/ (ex (m+1) ) *Sqrt[1/ (1+c*x) ] *Int[ (d+exx)” (m+1) / (Xx*Sqrt[1-c”2xx"2]),x] /;

FreeQ[{a,b,c,d,e,m},x] && NeQ[m,-1]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2. j(d +ex)" (a+bArcCsch[cx]) dx

a+bArcCsch[cx]
1: J dx

d+ex

Derivation: Integration by parts

| B ) 1 1 L 1 (eg/cz d2+e2 ) e@ArcCschcx] L 1 (ep/cz d2+e? ) g@ArcCschicx]
IS Fox = @ og[ B cd * og{ B cd
Basis: Ox (a + bArcCsch[c x]) = - —2——
cx? 1+
c° X
Rule:

a +bArcCsch[cx]
dx —
d+ex

(e-' [ 2 d2re? ] @hrecschicx]

(a + bArcCsch[cx]) Log[l - (a+bArcCsch[cx]) Log[l -

] - Log [1 _ @2ArcCschlcx] }

[e*_ﬂ [ 2 d2+e? ] ehrecschicx] ]

cd cd
+
e e
(e_." CZ d2+e2 ] eArcCsch[c x]
(a+bArcCsch[cx]) Log[1 - e2ArecschiexI] Log[l— "
+ — dx +
e ce
1

X2 1+

X

(e_‘_,\' CZ d2+e2 ] eArccsch[c x]

— dx -
ce ce

1
2. 1+ 55 x2.[1+

b Log[l - = ] L JLOg[l _ @2ArcCsch(c x]] 5

1
2

c2x? c2x?

Program code:

X

10



Rules for integrands of the form u (a+b ArcSech[c x])™n

Int[(a_.+b_.*ArcCsch[c_.*x_])/(d_.+e_.*Xx_),x_Symbol] :=
(a+bxArcCsch[cxx]) xLog[1- (e-Sqrt[c 2xd~2+e”2]) xE~ArcCsch[cxXx]/ (cxd)]/e +
(a+bxArcCsch[cxx]) xLog[1- (e+Sqrt[c*2xd”*2+e”2]) *xE~*ArcCsch[cxx]/ (cxd)]/e -

(a+bxArcCsch[cxx]) xLog[1-E”~ (2xArcCsch[cxx])]/e +

b/ (cxe) *xInt[Log[1- (e-Sqrt[c”2xd*2+e”2]) xE*ArcCsch[c*Xx]/ (cxd) ]/ (X 2%xSqrt[1+1/ (c*2%x"2)]),Xx] +
b/ (cxe) *xInt[Log[1- (e+Sqrt[c”2xd*2+e”2]) xE*ArcCsch[c*x]/ (cxd) ]/ (x*2%xSqrt[1+1/ (c*2%x"2)]),x] -
b/ (cxe) *Int [Log[1-E~ (2%ArcCsch[c*x]) 1/ (x*2%Sqrt[1+1/ (c~2%xx”*2)]),x] /;

FreeQ[{a,b,c,d,e},x]

2: J(d +ex)™ (a+bArcCsch[cx]) dx whenm# -1

Derivation: Integration by parts

Basis: Ox (a + b ArcCsch[c x]) = - b
cx? 1+
ceX
Rule: If m # -1, then
. (d+ex)™! (a+bArcCsch[cx]) b J (d + e x)™1
J(d+ex) (a+bArcCsch[cx]) dx — +
e (m+1) ce(m+1)
x2 1+ 211

Program code:

Int[(d_.+e_.*x_)"m_.%(a_.+b_.xArcCsch[c_.*x_]),x_Symbol] :=
(d+exx) ~ (m+1) * (a+bxArcCsch[cxx]) / (ex (m+1)) +
b/ (cxex (m+1) ) *Int[ (d+exx) " (m+1) / (x*2xSqrt[1+1/ (c”2%xx"2)]),x] /;

FreeQ[{a,b,c,d,e,m},x] && NeQ[m,-1]

X

dx

11



Rules for integrands of the form u (a+b ArcSech[c x])™n

4. J(‘“exz)p (a+bArcsech[cx])"dx when nez*
1. J‘(d+ex2)p (a + bArcSech[cx]) dx when pez* Vv P+%GZ‘

1: J(d+eX2)P (a+bArcSech[cx]) dx whenpez*V p+ %EZ_

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox (a + b ArcSech[c x]) = -

Basis: Oy («/ 1+1CX \/1+cx)

Note: If p+ ez, then the terms of [(d+ex?)?axtimes O (a + b ArcSech[c x]) are of an easily integrable form.

Rule: If pez*v p+ leZ‘, thu:j(d+ex2)"dlx, then

j(d+ex )? (a+bArcSech[cx]) dx — u (a+bArcSech[cx]) +bV1+cx dx

1+cx j V—m

Program code:

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcSech[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (d+e*x"2)"p,x]1},

Dist[ (a+bxArcSech[c*x]) ,u,x] + b*Sqrt[1+c*x]*Sqrt[1/(1+c*x)]*Int[SimplifyIntegrand[u/(x*Sqr‘t[l—c*x]*Sqrt[1+c*x]),x],x]] /3
FreeQ[{a,b,c,d,e},x] && (IGtQ[p,0] || ILtQ[p+1/2,0])

12



Rules for integrands of the form u (a+b ArcSech[c x])™n 13

2: J-(d+ex2)p (a+bArcCsch[cx]) dx when peZ*V p+ %eZ‘

Derivation: Integration by parts and piecewise constant extraction

. . —_— b
Basis: Oy (a + b ArcCschc x]) == a3 j_l_czxz
Basis: Oy ﬁ =

Note:lfpez* Vv p + % € Z~,then [(d+ex?)?axis expressible as an algebraic function not involving logarithms, inverse

trig or inverse hyperbolic functions.

Rule:If pez*vp+ %eZ‘, thu:J’(d+ex2)pdlx, then

u bcx u
J.(d+ex2)p(a+bAr‘cCsch[cx])d1x — u(a+bAr‘cCsch[cx])—ch dx — u (a+bArcCsch[cx]) - J- dx
V-e2x® V-1-c2x? V-2 x?

Program code:

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcCsch[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (d+exx"2)"p,x]},

Dist[ (a+bxArcCsch[c#x]),u,x] - bxcxx/Sqrt[-c 2xx*2]+Int[SimplifyIntegrand[u/ (x+Sqrt[-1-c 2+x"2]),x]1,x]] /;
FreeQ[{a,b,c,d,e},x] & & (IGtQ[p,0] || ILtQ[p+1/2,0])



Rules for integrands of the form u (a+b ArcSech[c x])™n

2: J(d+ex2)p (a+bArcSech[cx])"dx whenneZ*A pezZ

Derivation: Integration by substitution
Basis: ArcSech[z] = ArcCosh| 1]
Basis:F{ﬂ == —Subst[F—%L, X, ﬂ @X%

Rule:lf ne z* A p € Z,then

1)-2p dyp 1 o\n
J(d+ex2)p (a+bArcSech[cx])"dx — j(—) (e+ —] (a+bAr‘cCosh[—]] dx
X x? cx

e+dx?)? (a+bArcCosh[*])" 1
— —Subst[J( ) ( [C]) dx, X, —]

x2 (p+1) X

Program code:

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.*ArcSech[c_.*x_])”"n_.,x_Symbol] :=
-Subst[Int[ (e+d*x”2)*p* (a+bxArcCosh[x/c])”n/x" (2% (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegerQ[p]

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.*ArcCsch[c_.*x_])”"n_.,x_Symbol] :=
-Subst [Int[ (e+dxx2)"px (a+bxArcSinh[x/c]) n/x" (2% (p+1)),x],X,1/x] /3
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegerQ[p]



Rules for integrands of the form u (a+b ArcSech[c x])™n

3. J(d+ex2)p (a+bArcSech[cx])"dx whenneZ*A c2d+e=0 A p+§ez

1: J(d+ex2)p(a+bArcSech[cx])"dlx whennez* A c?d+e=0 A p+§ez Ae>0Ad<o

Derivation: Piecewise constant extraction and integration by substitution

. 2
Basis: Oy drex? g
X /e+:—2

Basis: ArcSech[z] = ArcCosh | >

[E—

Basis:F[ﬂ - —Subst[F—%L, X, ﬂ B L

|
Basis: If e > @ A d < 9, then Jdiex® \/ X2

e+—
XZ

Rule:lff nez* A c*d+e=0 Ap+2eczZAe>0 Ad<o,then

Vd+ex? -2
==

p 1 n
—) (a + bArcCosh[—” dx
— 2 cXx
X e+%
X

X

2 e+dx?)? (a+bArcCosh[%])"

e [ 122551 2]
X

%2 (p+1)

X

J(d +ex?)? (a+bArcsech[cx])"dx —

—_ -

1
dx, X, —]
X

Program code:

Int[(d_.+e_.*x_"2)"p_=x(a_.+b_.*ArcSech[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[x”*2] /x*Subst [Int[ (e+d*x"2) *px (a+bxArcCosh[x/c])*n/x" (2* (p+1) ) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

15



Rules for integrands of the form u (a+b ArcSech[c x])™n

Int[(d_.+e_.*x_"2)"p_=x(a_.+b_.*ArcCsch[c_.*x_])”n_.,x_Symbol] :=
-Sqrt [x~2] /x*Subst[Int [ (e+d«x"2) ~p (a+bxArcSinh[x/c])"n/x" (2% (p+1)),x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[n,0] && EqQ[e-c”2xd,0] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

2: J(d+ex2)p (a+bArcSech[cx])"dx whennezZ*A c2d+e=0 A p+%ez A-(e>0 A d<0)

Derivation: Piecewise constant extraction and integration by substitution

. 2
Basis: Oy Jdrext g
X e+:7

Basis: ArcSech[z] = ArcCosh | ﬂ

Rule:If c>’d+e =0 Ap+2cZ A - (e>08Ad<0),then

d+—ex2J-(1]'2" (e+ %)P [a+bArcCosh[i])ndlx

X X

J(d +ex?)? (a+bArcSech[cx])"dx —

d
X e+ —
X2

a+ bAr‘cCosh[f])"

Vd+ex? (e+dx?)P ( 1
— ——Subst[ dx, X, —]
XZ(P+1) X

x4'e+ :—2

Program code:

Int[(d_.+e_.*x_"2)"p_=x(a_.+b_.*ArcSech[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[d+exx”*2] / (x*Sqrt[e+d/x*2]) *Subst [Int[ (e+d*x"2) ~px (a+bxArcCosh[x/c])*n/x” (2% (p+1)) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[n,0@] & EqQ[c”2xd+e,0] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

Int[(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsch[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[d+exx~2]/ (x+Sqrt[e+d/x"2]) +Subst[Int [ (e+d«x"2) "px (a+bxArcSinh[x/c]) n/x" (2% (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[n,0] && EqQ[e-c”2xd,0] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

16



Rules for integrands of the form u (a+b ArcSech[c x])™n

5. j(fx)"' (d +ex*)? (a+bArcsech[cx])"dx when nez*

1. J(-Fx)'" (d+ex*)? (a+bArcSech[cx]) dx when
(pez* A - ("';—152‘/\ m+2p+3>0)) Vv (%ezw\ - (pez A m+2p+3>0))v(’"*—22"*—1e2‘/\ '"2;1¢Z')

1. Jx (d+ex?)? (a+bArcSech[cx]) dx when p # -1

1: J.x (d+ex*)? (a+bArcSech[cx]) dx when p # -1

Derivation: Integration by parts and piecewise constant extraction

d+e x2)P?

- 2P __
Basis: x (d+ex ) == Ox 3 e (pil]

Basis: Ox (a + b ArcSech[c x]) = -
. 1 B
Basis: Oy (\/1+ CX A/ Tex ) ==

Note: Although+/1 - ¢2x? =+/1-cx /1 + c x, leaving denominator factored allows for more cancellation with
piecewise constant factor.

Rule: If p # -1, then

(d+ex2)p+1 (a+bArcSech[cx]) bV1+cx 1 (d+ex2)p+1
jx (d+ex*)? (a+bArcSech[cx]) dx — + J- dx
2e (p+1) 2e (p+1) l+cx Xmm

Program code:

Int[x_=*(d_.+e_.x*x_"2)"p_.*(a_.+b_.xArcSech[c_.*x_]) ,x_Symbol] :=

(d+exx”~2) ~ (p+1) = (a+bxArcSech[cxx]) / (2xex (p+1)) +

b#xSqrt[1+cxx]/ (2xex (p+1) ) *Sqrt[1/ (1+c*Xx) ] *Int[ (d+e*xx”2)~ (p+1) / (Xx*Sqrt[1-cxx]*Sqrt[1+cxx]),x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[p,-1]
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Rules for integrands of the form u (a+b ArcSech[c x])™n

2: J-x (d+ex*)? (a+bArcCsch[cx]) dx when p # -1

Derivation: Integration by parts and piecewise constant extraction

2\ P+l
Basis: X (d +e xz) P .. 5, (d+ex?)"

2e (p+1)
Basis: 9 (a + b ArcCsch[c x]) == bc
X ( [ :I ) \/—Cz X2 \/_1_(:2 Xz
o X _
Basis: Oy T (%]
Rule: If p # -1, then
(d+ex2)'{”'1 (a +bArcCsch[cx]) bc (d+ex2)"":l
Jx (d+ex?)? (a+bArcCsch[cx]) dx — - J dx
2e (p+1) 2e (p+1) A ez x? \/—1—c2x2
(d+ex2)p+1 (a+bArcCsch[cx]) b cx (d+ex2)p+1
— - j dx
2e (p+1) 2e (p+1) V-c2x® Y xV-1-c2x?

Program code:

Int[x_*(d_.+e_.xx_"2)"p_.x(a_.+b_.xArcCsch[c_.xx_]),x_Symbol] :=

(d+exx”~2) A (p+1) * (a+bxArcCsch[cxx]) / (2xex (p+1)) -

bxcxx/ (2xex (p+1) *Sqrt[-c*2xx”2]) *Int[ (d+exx*2)~ (p+1) / (x*Sqrt[-1-c”2xx"2]),x] /;
FreeQ[{a,b,c,d,e,p},x] & NeQ[p,-1]



Rules for integrands of the form u (a+b ArcSech[c x])™n

2. J.(fx)'" (d+ex*)? (a+bArcSech[cx]) dx when

(pez* A - ("‘2;162‘/\ m+2p+3>e))v(%ez+/\ ~(pez A m+2p+3>0))v(“‘*—22p’—152‘/\ %eZ‘)

1: j(fx)'" (d+ex*)? (a+bArcSech[cx]) dx when

(pez*A - (%GZ‘A m+2p+3>0))v(%eZ*A -(pez A m+2p+3>0))V(m+—22mEZ'/\ %eZ‘)

Derivation: Integration by parts and piecewise constant extraction

b 1
Basis: Ox (a + b ArcSech[c x]) = - 11
X\V1l-CcX

Basis: Oy (\/1+cx N 1+1CX ) ==

Note: Although+/1 - ¢2x? ==+/1-cx /1 + c x, leaving denominator factored allows for more cancellation with
piecewise constant factor.

Note:If (pez"A ~ ("2 ez Am+2p+3>0))V :
(Mt ez'A- (pez Am+2p+3>0))V (M2 ez A B gz)

then f(£x)" (d+ex?)?ax is expressible as an algebraic function not involving logarithms, inverse trig or inverse
hyperbolic functions.

Rule: If (pez* A - ("';—leZ'A m+2p+3>0))v(%ez+A - (pezZ A m+2p+3>0))v(m+—22&1eZ'A %ef),thu:j(-Fx)m(d+ex2)pd1x,then

1

u
d
l+cx J\x'\ll—cx V1+cx

J(-Fx)"' (d+ex?)? (a+bArcSech[cx]) dx — u (a+bArcSech[cx]) +bV1+cx X

Program code:
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Rules for integrands of the form u (a+b ArcSech[c x])™n

Int[(f_.*x_)"m_.x(d_.+e_.*x_"2)"p_.(a_.+b_.*ArcSech[c_.+x_]),x_Symbol] :=

With[{u=IntHide[ (f*x) mx (d+exx"2)"p,x]},

Dist[ (a+bxArcSech[c*x]) ,u,x] + bxSqrt[l+cxx]*Sqrt[1/ (1+cxx)]=*Int [SimplifyIntegr‘and [u/ (x*Sqrt[1-c*x]*Sqrt[1+cxx]),x] ,x] ] /5
FreeQ[{a,b,c,d,e,f,m,p},x] && (

IGtQ[p,0] && Not[ILtQ[ (m-1)/2,0] & GtQ[m+2xp+3,0]1] ||

IGtQ[ (m+1) /2,0] && Not[ILtQ[p,0] && GtQ[m+2xp+3,0]1] ||

ILtQ[ (m+2xp+1) /2,0] &% Not[ILtQ[ (m-1)/2,0]])
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Rules for integrands of the form u (a+b ArcSech[c x])™n

2: I(-F x)" (d+ex*)? (a+bArcCsch[cx]) dx when

(pez* A -(%GZ'A m+2p+3>0))v(%ez"/\ ~(pez A m+2p+3>0))v(m"—zzp+—leZ‘A "';—162‘)

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox (a + bArcCsch[c x]) == o zbjl —
-C% X -1-c“x

Basis: 0y —%— ==
X 2

Note:If (pez"A ~ (mt ez Am+2p+3>0))V ,
(Mlez A~ (pez Am+2p+3>0))V (™2l ez A "lgz)
then [(£x)" (d+ex?)?ax is expressible as an algebraic function not involving logarithms, inverse trig or inverse

hyperbolic functions.

Rule: If pez* A - ("L ez-Am+2p+350)) Vv (2L ez*A - (pezZ Am+2p+3>0)) Vv (222l cz- A 2L gz ,letu= £x)" (d+ex? pdlx,then
2 2 2 2

n 2\ p u b c x u
J(fx) (d+ex*)? (a+bArcCsch[cx]) dx — u(a+bAr‘cCsch[cx])-ch. dx — u (a+bArcCsch[cx]) - f dx
V-e2x® V-1-c2x? V-oe2x2 Y xV-1-e2x2

Program code:

Int[(f_.*x_)™m_.x(d_.+e_.#x_"2)"p_.x(a_.+b_.*ArcCsch[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (fxx) mx (d+exx"2)"p,x]},

Dist[ (a+b*ArcCsch[c#x]),u,x] - bxc*x/Sqrt[-c 2xx"2]+Int[SimplifyIntegrand[u/ (x+Sqrt[-1-c 2%x"2]),x]1,x]] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & (

IGtQ[p,0] && Not[ILtQ[(m-1)/2,0] && GtQ[m+2%p+3,0]] ||

IGtQ[ (m+1) /2,0] & Not[ILtQ[p,0] && GtQ[m+2#p+3,0]] ||

ILtQ[ (m+2%p+1) /2,0] & Not[ILtQ[(m-1)/2,0]] )
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Rules for integrands of the form u (a+b ArcSech[c x])™n

2: Jx"‘ (d+ex*)? (a+bArcSech[cx])"dx whennez* A (m|p) €Z

Derivation: Integration by substitution

Basis: ArcSech[z] = ArcCosh| 1]

e 1] __ _ F[x 1 1
BaS|s.F{X} = Subst[ s X X} @XX
Rule:lfnez*A (m| p) €z,then
1\-m-2p dyp 1 n
Jx (d+ex?)? (a+bArcSech[cx])"dx — J(;] (e+x—2) (a+bAr‘cCosh[§]) dx
e+dx?)? (a+bArcCosh[2])"
— —Subst[J( ) ( [C]) dx, X, l]
Xm+2(p+1) X

Program code:

Int[x_"m_.*(d_.+e_.*x_"2)"p_.*(a_.+b_.*xArcSech[c_.*x_])"n_.,x_Symbol] :=
-Subst[Int[ (e+d*x”2)*px (a+bxArcCosh[x/c])”n/x* (m+2* (p+1)),x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegersQ[m,p]

Int[x_"m_.*(d_.+e_.*x_"2)"p_.*(a_.+b_.*ArcCsch[c_.*x_])”"n_.,x_Symbol] :=
-Subst [Int[ (e+dxx2) "px (a+bxArcSinh[x/c]) n/x" (m+2% (p+1)),X],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegersQ[m,p]
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Rules for integrands of the form u (a+b ArcSech[c x])™n

3. Jx"‘ (d+ex*)? (a+bArcSech[cx])"dx whennez* A c?d+e=0 AMEZ A p+ %ez

1: Jx"‘ (d+ex?)” (a+bArcSech[cx])"dx whennez* A c’d+e=0 AmMeZ A p+%ez Ae>0Ad<o

Derivation: Piecewise constant extraction and integration by substitution

. 2
Basis: Oy drex? g
X /e+:—2

Basis: ArcSech[z] = ArcCosh | >

[E—

Basis:F[ﬂ - —Subst[F—%L, X, ﬂ B L

Basis: If e > @ A d < 9, then Jdiex® \/ X2

e+—
XZ

Rule:lff nez* A c*d+e=0 AmezZ Ap+>eZAe>0Adc<o,then
Vd+ex? f[l

-m-2p d\p 1 n
—) (e+ —] (a+bArcCosh[—]] dx
2 cXx

Jxm (d+ex?)? (a+bArcSech[cx])"dx —
X X
X e+:—2

A2 e+dx?)? (a+bArcCosh[%])"
—_ - X SubSt[J( ) ( [C])

1
dx, X, —]
X

X Xm+2 (p+1)

Program code:

Int[x_"m_.*(d_.+e_.*x_"2)"p_x(a_.+b_.*ArcSech[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[x”*2] /x*Subst [Int[ (e+d*x"2) *p* (a+bxArcCosh[x/c])*n/x* (m+2x (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]
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Rules for integrands of the form u (a+b ArcSech[c x])™n
Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsch[c_.*x_])”n_.,x_Symbol] :=

-Sqrt [x~2] /x*Subst[Int [ (e+d«x"2) ~p (a+bxArcSinh[x/c])"n/x" (m+2x (p+1)) ,x]|,X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[e-c”2xd,0] && IntegerQ[m] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

2: Jx"‘ (d+ex?)? (a+bArcSech[cx])"dx whennez* A c>d+e=0 AMeZ A p+§ez A-(e>0 A d<0)

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy diex? g
X le+:7
Basis: ArcSech[z] = ArcCosh | ﬂ

Basis:F[ﬂ - fSubst[F—%L, X, ﬂ o L

Rule:lf nez* A c*>d+e=@0AmeZ Ap+3€eZ A~ (e>0Ad<0),then

, Vd+ex? 1)-m-2p d\p 1 q\n
x" (d+ex*)® (a+bArcSech[cx])"dx — —j(—) [e+—2] (a+bAr‘cCosh[—]] dx
cx

X X
d
X e+ —
XZ

(a+bArcCosh[X])" 1
dx, X, —]

Vdrex? (e+dx?)?
— ——Subst[
Xm+2(p+1) X
xer s

Program code:

Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcSech[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[d+exx”*2] / (x*Sqrt[e+d/x*2]) *Subst [Int[ (e+d*x"2) ~*p* (a+bxArcCosh[x/c]) n/x* (m+2x (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[n,0] & EqQ[c”2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsch[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[d+exx*2]/ (x+Sqrt[e+d/x"2]) xSubst[Int [ (e+d+x"2) "p (a+bxArcSinh[x/c])"n/x" (m+2% (p+1)) ,X]|,X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[n,0] && EqQ[e-c”2xd,0] && IntegerQ[m] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]



Rules for integrands of the form u (a+b ArcSech[c x])™n

6. ju (a + bArcSech[c x]) dx when Ju dx is free of inverse functions

1: Ju (a + bArcSech[c x]) dx when Ju dx is free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

-= — b
csz—1+1,J1+1
cX cX

Basis: Oy (a + b ArcSech[c x])

. A2 y2
Basis: Oy 1-cx ==
X\/1+1 \/1+1
cX cX

Rule: Let v —» Ju dx, if v is free of inverse functions, then

\"

b
Ju (a+bArcSech[cx]) dx — v (a+bArcSech[cx]) + —J dx
[
xz\/—1+ — \/1 —
cXx

1
cX

— Vv (a+bArcSech[cx]) +

Program code:

Int[u_=*(a_.+b_.xArcSech[c_.*x_]) ,x_Symbol] :=
With[{v=IntHide[u,x]},
Dist[ (a+bxArcSech[cxx]),V,Xx] +
bxSqrt[1-c”2%x"2]/ (c*x*Sqrt[-1+1/ (c*Xx) ] *Sqrt[1+1/ (cxx)]) *
Int[SimplifyIntegrand[v/ (x*Sqrt[1-c 2xx2]),x],x] /;
InverseFunctionFreeQ[v,x]] /;
FreeQ[{a,b,c},x]
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Rules for integrands of the form u (a+b ArcSech[c x])™n

2: Ju (a+bArcCsch[cx]) dx when ju dx is free of inverse functions

Derivation: Integration by parts

Basis: Ox (a + b ArcCsch[c x]) = - —2——

2 1
c X 1+CZX2

Rule: Let v == Ju dx, if v is free of inverse functions, then

b v

fu (a+bArcCsch[cx]) dx — v (a+bArcCsch[cx]) + —J\— dx
c

2 1

X 1+

2,2

c° X

Program code:

Int[u_=*(a_.+b_.*ArcCsch[c_.*x_]) ,x_Symbol] :=
With[{v=IntHide[u,x]},
Dist[ (a+bxArcCsch[cxx]),V,x] +
b/c*Int [Simpli-FyIntegr-and [V/ (X*2%Sqrt[1+1/ (c*2%x"2) ) ,X] ,x] /3
InverseFunctionFreeQ[v,x]] /5
FreeQ[{a,b,c},x]
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Rules for integrands of the form u (a+b ArcSech[c x])™n 27

X: Ju (a+bArcSech[cx])"dx

Rule:

ju (a+bArcSech[cx])"dx — fu (a+bArcSech[cx])"dx

Program code:

Int[u_.*(a_.+b_.*xArcSech[c_.*x_])”n_.,x_Symbol] :=
Unintegrable [ux (a+bxArcSech[c*x])n,x] /;
FreeQ[{a,b,c,n},x]

Int[u_.*(a_.+b_.*ArcCsch[c_.*x_])”n_.,x_Symbol] :=
Unintegrable [ux (a+bxArcCsch[c*x])n,x] /;
FreeQ[{a,b,c,n},x]



